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Quadratic and Higher-Order Feedback Gains
for Control of Nonlinear Systems

AnpreEw H. JazwinskI*®
Martin Company, Baltimore, Md.

The problem of controlling a nonlinear system optimally in the presence of deterministic
disturbances is treated. In particular, optimal feedback control in the vicinity of an optimal
nominal trajectory is sought. The control law is to preserve the optimality of the nominal
path and provide terminal control to the nominal end point defined by hard constraints on
functions of the terminal state. A method of obtaining approximations of any order to such
a nonlinear optimal feedback control law is presented. Linear differential equations for the
linear and quadratic feedback gains are explicitly given. The equations for the linear gains
are homogeneous, whereas those for higher-order gains are nonhomogeneous. The forcing
terms are functions of the gains of the next lower order. Closed-form expressions for the
linear and gquadratic gains for a simple intercept problem and their simulations are pre-
sented. The addition of quadratic gains to the linear control approximation generally results

in improved control.

‘1. TIntroduction and Summary

OST methods developed to date for the solution of non-
linear optimal feedback control problems are based on
linearization about some reference trajectory of the basic
nonlinear system. As such, they provide a linear feedback
control law wvalid for small deviations from -the reference
trajectory. Such methods include the work of Kalman,!
and Bryson and Denham.? Although Kalman considered the
linear control problem, his results are applicable to the
linearized motion about a reference trajectory of a nonlinear
system. In the works just mentioned, the reference tra-
jectory is arbitrary and need not be optimal in any sense.
A different approach was taken by Kelley,® Breakwell,
Speyer, and Bryson* Dreyfus® and this author® These
investigators obtained the linear feedback gains for what
may be termed neighboring -extremal control. Here the
re‘erence trajectory of the basic nonlinear system is optimal,
and the linear control law is optimal in the same sense to a
first approximation.
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Recently, Silber” developed a control scheme, in which the
Lagrange multipliers are considered as control parameters,
and obtained differential equations for the coefficients in the
Taylor series expansion of the Lagrange multipliers as func-
tions of the state. This permits a high-order approximation
to neighboring extremals. Kushner® treats the stochastic
optimal feedback control problem and presents a method of
determining high-order corrections to the optimal determin-
istic control in the presence of stochastic disturbances.

In the present work we assume that the state of the non-
linear system can be measured exactly. Deviations in the
state from an optimal nominal state are taken as the feed-
back information. We develop a high-order approximation
to the nonlinear optimal feedback control law in the vicinity
of an optimal nominal trajectory, which is a solution of the
Mayer problem in variational calculus. The control scheme
is a neighboring extremal control scheme in that it provides
terminal control and, in the presence of disturbances, en-
ables the system to follow trajectories that are approximately
optimal in the same sense as the nominal trajectory to any
order. Differential equations for the linear and quadratic
optimal feedback gains are explicitly given. Computational
aspects associated with these equations will be treated in a
subsequent paper. The linear feedback gains are identical
to those developed in Refs. 3-6.

Closed-form expressions for the linear and quadratic opti-
mal feedback control gains for a simple intercept problem are
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given. A number of control simulations are presented and
the control effectiveness of the linear and linear plus quadratic
feedback gains is compared. In most cases a substantial
improvement in control effectiveness is realized with the
addition of the quadratic feedback gains.

1I. Nonlinear Optimal Feedback Control
Problem

In this section we pose a general nonlinear optimal feed-
back control problem and provide a setting for the analysis
that follows. Assume that the dynamical system to be con-
trolled is governed by the differential equation

dz/dt = & = f(z, u, t) 1)

where z is an n vector called the state of the system; () is
an m vector of control variables; fis an n vector; and ¢ is the
independent variable time. The vector function f is to pos-
sess derivatives of any requiredf order in all arguments.
Assume further that exact physical measurements of the
state are available at every instant of time in the interval
of interest [, t:].
It is required to determine a control low

u = ulz, ) 2)

defined on [t #,] so that the resultant motion of the system
(1) initiating at the phase (2°, ) which satisfies, for given o,

Elz(to), o] = 0 : ®3)
passes through
nz(t), 1] = 0 @
and provides a minimum of the scalar function
Jlz(t), 4] ®)

Here £ is an r vector and 75 is a ¢ vector (¢ < 2n — r + 1).
We consider only those control problems in which u(z, ¢)
has derivatives of any required order in all arguments.

The solution u(z, #) of the problem just stated is clearly
the optimal feedback control law since it permits closed-loop
operation in the presence of disturbances. At any phase
(z, t) the control action to be taken is precisely determined
by Eq. (2).

Even with these strong assumptions, the optimal feedback
control problem cannot be solved in general when the system
equations (1) are nonlinear. In view of this, consider the
approximate representation of w in terms of the Taylor series

w:(x, t) = ui(Z, t) + ay(E, Hox; +
2B:i (2, D)0x;0m5 + . . .
i=1,...,m (®)%
where
ozi(t) = z:(0) — &:(D) @)

The expansion is carried out at each point in time with respect
to a nominal trajectory Z(f) initiating at (x°, to) with control
u(Z, t). The coeflicients appearing in Eq. (6) are the ap-
propriate partial derivatives of the control variables with
respect to the state variables and are functions of time only,
being evaluated along the nominal trajectory. w(Z, &) is
likewise a function of time only. It is assumed that w is
sufficiently differentiable so that it possesses a convergent
Taylor series expansion of the order considered.

1 Exact differentiability requirements will become apparent
later.

1 Indices repeated in a product imply a summation over the
whole range of definition of the index.
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Now the problem of determining w(z, ) as a function of
time, given the system equations (1) and subject to (3) and
(4), so as to minimize J, is a Mayer problem in the classical
variational calculus, provided it has a solution within the
class of controls considered. The control u(z, t), the solu-
tion of the Mayer problem, is essentially open loop since it is
only optimal with respect to the initial phase (z°, &). The
corresponding nominal trajectory Z(¢), around which expan-
sion (6) is carried out, will be called the optimal nominal
tragectory.

In lieu of determining u(z, £), one might determine u(zZ, ¢)
as a solution of the Mayer problem, and then determine the
time-varying coefficients in Eq. (6) so as to satisfy end
conditions (4) and provide a minimum of J to a given order
of approximation. The coeflicients in (6) so determined are
the feedback gains, which permit closed-loop operation in the
presence of disturbances éz;(t) in the vicinity of the optimal
nominal trajectory. The approximately optimal feedback
control law (6) that results provides neighboring extremal
control inasmuch as it provides an approximation to neigh-
boring optimal trajectories (extremals) to a terminal phase
(a1, &) defined by (4) which also minimizes J. In other
words, the control law (6) provides terminal control as well
as enabling the system to follow trajectories that are ap-
proximately optimal in the same sense as the nominal tra-
jectory. The determination of the coefficients in Eq. (6)
is the subject of the present paper.

{II. Optimal Nominal Trajectory

The optimal open-loop control u(Z, ) is taken as the solu-
tion of the Mayer problem, as discussed in the preceding
section. The optimal nominal trajectory therefore satisfies
the equations of state (1) and the Euler-Lagrange equations
in the state

g = —[of/oz]Tu = —[0H /0] )
and in the controls
[of/oul™u = [oH /ou] = 0 )

The vector u is an n vector of Lagrange multipliers, and the
matrices

ofi ... 0t o ... Of
59;1 O%r Quy OUm
of 1 _ .. . o1 | -
I R I
o O o o
5—2?1"'52% b—ul"'bum

are functions of time only, being evaluated along the optimal
nominal trajectory. Superscript T denotes the transpose.
The Hamiltonian notation is used, where

H = u7f (10)
and
oH oH
Oxl aul
[%]- LSl
dox | ou |
O Ol

Equations (1, 8, and 9) are subject to boundary conditions
(3) and (4) and the transversality conditions resulting from
the variational formulation. Of interest in the following are
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the terminal boundary conditions that may be represented
asl
el 2l [mlz(t), 4] ]
Ll . =0

nq[x(él)y h]
Conlz@), ut), 4l

(11)

[ $nat [f.U(tl); p(t), &

where ¢ are the conditions arising from transversality and in
general involve the terminal values of the Lagrange multi-
pliers as well as the state.

We assume that the matrix of partial derivatives 02H/
Ou;0u; is nonsingular clong the optimal nominal trajectory.
This assures that Eq. (9) can be solved for the control and
excludes systems linear in the control, singular extremals, and
extremals with corners. (The requirement of no corners is
convenient but nonessential.) It is of course assumed that
u(Z, t) does provide a minimum of J.

IV. Feedback Gains for Neighboring
Extremal Control

We will now sketch the formal procedure for obtaining
differential equations and appropriate boundary conditions
for the feedback gains for neighboring extremal control as
defined in Sec. II. We will then develop the differential
equations and boundary conditions for the linear and quad-
ratic feedback gains.

A. General Considerations

Neighboring extremals to an end point defined by (4)
satisfy the equations

&+ 6r = f(& + oz, @ + du, t) (12)
B+ ou = —[of/ox(@ + bz, @ + du, 1)]7(E + duw) (13)
[of/ou(@ + o6z, @ + du, H)]7(E + ou) = 0 (14)

subject to the terminal boundary conditions
R[Z(t) + dx', gt) + dul, &+ dh] = 0 (15)

where the bar denotes optimal nominal values. The differ-
entials dz! and du! are total changes in the terminal values
of the vectors z and u due to a change in terminal time
dt; as well as instantaneous variations 6z and éu.

A trivial generalization is to consider neighboring extremals
to an end point on a neighboring surface by specifying a non-
zero dn and setting d¢ = 0. This extension will not be ex-
plicitly treated here.
~ Consider now what happens if the state of the system (1)

is perturbed at % by an amount éz(fy) = 8z°. In order to
meet end conditions (4) at some new time #; + df; the initial
values (and time histories) of the Lagrange multipliers u
will have to change. Clearly the state time history and
terminal time will change as well. We may, in fact, consider
the state, the Lagrange multipliers, and terminal time to be
functions of the initial state, and write

z(t) = g(t; o, z°) (16)
w() = vlt; fo, z°) an
t = wlt, 2°) (18)

Assuming that the functions g, v, and w possess convergent
Taylor’s series expansions of the required order, we have
Bxl(t) ’Yw(t to)éx, zejki(t, t0)5$j08$k0 + e

i=1...,n (19)
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Suit) = i, t)dx,° + 30, L)dx;%0m:° + ... (20)

dt, = 7:(t)05:° + %ki;(f)dx:%0x,° + . . . (21)
where the coefficients are the appropriate partial derivatives
with respect to the initial state variables. (A sufficient
condition for the existence of continuous partial derivatives
of g, v, and w of a given order with respect to the initia
conditions is the existence of continuous partial derivativesl
of the same order of the f; with respect to the state.)

Further, for given 6x2;°, we may differentiate Eqs. (19) and
(20) with respect to time and obtain

3r:(t) = Vit t0)82,° + 3, t0)02,°00:° + ... (22)

duit) = st t0)dx,°

We note that for each ¢ the matrices of elements €%, 6,7, and
K;r are symmetric.

We may now proceed formally as follows.
right-hand sides of Eqs. (12-14) in Taylor’s series. Eliminate
the variations du from the results via Eq. (6). Substitute
for éz, 6u and their time derivatives from Eqs. (19, 20, 22,
and 23). Equate the coefficients of the independent perturba-
tions d8z;° in the resultant equations to obtain differential
equations for the coefficients in Eqs. (19) and (20), and rela-
tions between these coefficients and the feedback gains
[coefficients in Fq. (6)]. The boundary conditions for the
differential equations thus derived are obtained from Eq.
(19), by evaluating it at f, and from similar expansion and
substitution procedures in Eq. (15).

The ‘procedure outlined in the foregoing is carried out to
the second order in Appendix A. The results are discussed
in the next section.

+ %0]]#@, to)ﬁxﬁéxko 4+ ... (23)

FExpand the

B. Differential Equations and Boundary Conditions
for Linear and Quadratic Feedback Gains

The differential equations for the linear coefficients in Eqs.
(19) and (20), derived in Appendix A, are

(- (212125 -
HENaE
|

(24)
= ([l ] Tome) - 135
v = oxdu || ou? oudx dx? vt
sEIET R
ox oxdu §| Ou?
with boundary conditions
vii(to, t) = B (25)

The matrices involved in Eq. (24) are defined in Appendix
A. The linear feedback gains are given in terms of the solu-
tions of Eq. (24) by

i/ [y (s, bo) + fitrel + Ohi/Ous [ (ute) —
(OH /oY) 7] + (Oh:/Oh) 7o = 0 (26)

ik N R 1

We have assumed that the matrices [02H/0u?] and v are
nonsingular. (For the significance of nonsingularity of «,
see Ref. 4.)

We observe that the 2n? differential equations (24) are
linear and homogeneous with time-varying coefficients since
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all the partial derivatives are evaluated along the optimal
nominal trajectory. These are precisely the equations de-
rived previously by Refs. 3-6 and the linear feedback gains
given by Eq. (27) are the same.

Equations (26) represent n(n 4 1) equations, since & is an
n =+ 1 component vector, and provide n? terminal boundary
conditions on the differential equations (24) as well as deter-
mine the n linear coefficients 7«(fo) in the expansion for df,
Eq. (21). These n? terminal boundary conditions, together
with the n? initial conditions (25), provide the required 2n?2
boundary conditions for Egs. (24). . It is seen that a two-
point boundary value problem has to be solved to determine
the linear feedback gains given in Eq. (27). The problem
is a linear one, however, and straightforward to solve.%6

The differential equations for the quadratic coefficients in
Egs. (19) and (20) are derived in Appendix A and appear as
Egs. (A14) and (A15). Using the symmetry properties of
Bix* and of the partial derivatives, these can be written

(R, O
o= (axz * 5, “’”’)e”‘ dus

Y i Yk
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serve to determine the quadratic feedback gains B¢ =
Bii.§8 Here m is the dimension of the control vector.

Differential equations (28) and (29) are linear, inhomo-
geneous with time-varying coefficients. The coefficients
and forcing terms are functions of the solutions of Eq. (24)
and the linear feedback gains, as well as partial derivatives
associated with the optimal nominal trajectory, all known
functions of time once the linear feedback gains have been
obtained. It is easy to see that this is the case in general,
i.e., the differential equations for the kth order gains (¢ > 2)
will be linear, inhomogeneous with time-varying coefficients.
The coefficients and foreing terms will depend on the (¢ — 1)th
order gains.

A linear two-point boundary value problem results for
&' and 6% as well. n2(n 4 1)/2 initial conditions are given
by Egs. (31). Equations (32), which are n(n + 1)2/2 in
number, provide the required n%(n 4 1)/2 terminal boundary
conditions and determine the n(n + 1)/2 quadratic coeffi-
cients «;; in the expansion for dt;, Eq. (21).

Y. An Intercept Problem

oY 0% . A. Zermelo’s Problem
drdz, T T Swou, QLU (¥ + Yvms) + The simple intercept problem that will be treated here is
0%; Zermelo’s problem for which the linear feedback gains were
Suu,, Lnoms Yni Yok (28) previously derived by Kelley.? It is required to find the
; oH 0H O0*H 0H 3 oO3H
—f. = _ [ L1 1 . [ — . R ——
O (axiaxz 02Dt “”’) i+ e 7 Spou P b nmn T T g, VY i) +
o*H O’H O%H

N o e 2 ] N N N n i"{n ni I~ -~ nOmpYnj 2

02:021OU Smn (Y1 Ynk £ YY) + drdpdun " v+ durn) + dzdudU, Sy Yi Yk (29)

where the quadratic feedback gains (8;) [Eq. (A16)] are given by

OH O2H OH OH o H O3H
(auiax; bu;bum m) Gylc + a a " jk + auwau anl'Ym]”Ynk + buiazlaxm YiiY mk + Dulbxzbum (’Yli\[/"ﬂc + 71k¢mj) +
O3H Q3H O3H
auiaxl‘augm Oémn(’YZi'Ynk + 'Ylk’YnJ) + au bu;b amn(dﬁz’Ynk + ¢Zk7m) + du a—_ulau AnlmpYniYpke = 0 (30)
The boundary conditions on the € and 6;* [Eqgs. (A19) and (A26)] are
, eii(to, bo) = 0 31
and
Oh: f f . _ ~
Dx e’ (fy, to) + fi'ku + S ’Ynk(t1, by + Ym(y, to) 7] + N Olmn(l", W) [Yarll, t)e + Y, b)) +

[Vmr(y t) 71 + Yoa(ly, fo) 7] —

of . Ofs of . Ohs
("f‘+ ffm‘*‘ium) TIch}_*_ axlax 1

ot ALm Oou;t

02H b 2Hq
e on ou. [kllmk(tl, )1+ Yl to)7r] — lb amn(”ﬁ, 1) IVae(ls, to) 70 + Yur(ly, to) 7] —

O*H OoH o . Oh; 0%h;
Jo = O unOT; -327 aumagi um)ﬁ Tm} + oh ety 2 02,08

R oH oH
{Bklf(tl, to) — $ Kyt —
]

{2'lec(ily to)ymi(h, to) +

_ . . - 0%,
fml[’Yik(tl: o) + v, to)re] + fitlrryme(, t) + meymi, b)) + Zf"lf””l”ﬂ} + T‘

oH 4 oH
ofdx; - OTmOZ;

{[’Yik(fl, to) Ymi(fy, to) +

Yir(h, o) Yl t)] — H [‘m(i;, tyrr + valh, )il + i lroyme@, ) + 7evmi, t)] —

OH O%h; - R 1 0%y
2f 6x—m1 Tle} + O_x,l—afl {[’Y,'k(tx, tor: + vy, to)7i] + o ilrimi} + = 9 dpiop 1{2%1:(&, to) Ymi(h, to) —
OH - - OH _ _ OH oH
Ey Wi, to)‘Tl + Yl )] — out [rimelly, ) + Tedmi(h, 80)] + 2 oz oz, ‘rm} +
%, ) ) o %,
D100 {[%k(tl, )11+ Yl )] — 2 Fr Tm} + S5 T 0 (32)

Equations (28) are n X n(n 4 1)/2 in number, as are Eqs
(29); a total of n*(n + 1) differential equations (n is the
dimension of the state). (Recall that €4’ = e;* and ;¢ =
6). Equations (30) are m X n{n + 1)/2 in number and

§ We assume that Eqgs. (30) can be uniquely solved for the
quadratic gains. The conditions under which this can be done
are quite complicated.
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minimum time path between two points for a vehicle moving
at a constant velocity relative to a medium that moves at a
constant velocity relative to the target point. The situation
is depicted in Fig. 1.

The vehicle path is controlled via the angle ;. The equa-
tions of state (motion) are

.’i)]_ = V COsUy + 21 =f1

(33)
dy = Vsinu + 2, = fo

The Euler-Lagrange equations are

p=0
(39)

Ma = 0

and

— Vs sinug + Vs cosuy = 0 (35)

The Hamiltonian for this problem is

H = w(V cosuy + 21) + pa(V sinu 4 2) (36)

From Eq. (35), and with the aid of the Legendre-Clebsch
condition to resolve the sign, we have

sin = pa(p® 4 pe?) 72
costy = p(u® + ps?) 712 (37

It is seen that minimum time paths for this problem are
straight lines (constant u;). The optimal nominal path is
taken as the path from (0, 0) to (2, 1) where V = 1, 2, = 0,

and 2z, = 3. The variational boundary value problem
boundary conditions are
F1(fo) = 0 h=&EH —2=20
Zy(h) = 0 hy = Ze(l) — 1 =0 (38)
(I =0) hy = Hlgk)] —1 =0
Other pertinent data relative to the optimal nominal path are
' omo=1/V sinfi; = 0
i =0 cosiiy = 1 (39)
L =2 A =0

The linear and quadratic feedback gains for Zermelo’s
problem are derived in Appendix B and appear in Igs.
(B11) and (B16). The linear gains are identical to those
previously obtained by Kelley.?

The neighboring extremal feedback control law for this
problem, up to second-order terms in perturbations in the
state, is

du(t) = a®)dx(t) + 3 dx7(t)B(1)ox(t) (40)

where 627 = [8z1, 6x2]. The linear feedback gains matrix
a is given in Eq. (B11), and the matrix of quadratic feedback
gains B! is given in Kq. (B16). Also of interest is the
change in-terminal (minimum) time that is given, to the
second order, by

dty = 7 oty + 87 (to)x daty) (*y

where 7 is given in Eq. (B12) and « in Eq. (B17). The
change in terminal time is given here in terms of deviations
in the state at . This may be readily generalized to any
time ¢ in (to, i1)

B. Control Simulations

Prior to simulating control law (40) with continuous state
error sampling, some simulations based on a single sampling
time (fp = 0) were conducted. This means that a control
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X2 ?

(%)

TARGET POINT

0, 0) » X,

Fig.1 Zermelo’s problem.

correction is computed at ¢y = 0 via Eq. (40) and a straight-
line path is subsequently followed (extremals for this problem
are straight lines). This permits evaluation of miss distance
and a comparison of linear with quadratic feedback gains
effectiveness on this basis. Such a set of simulations is given
in Fig. 2 for initial perturbations from the optimal nominal
Zo(ty) only. For the paths denoted by L, the control cor-
rection du;(fy) was computed using only the linear terms in
Eq. (40). The paths denoted by @ employed a control
correction including the quadratic feedback gains.

It is seen that the quadratic gains substantially decrease
the miss distance in most cases. This is not true in all cases,
in particular for large positive perturbations in xs(f). This
result is not unexpected. The linear correction is the large
one. It is difficult to assess a priori the effectiveness of the
next higher-order correction that may be an “overcorrection.”
It will be recalled that the analysis is essentially based on
Taylor series expansions. A convergent Taylor series guar-
antees only a finite remainder.

Control simulations with continuous error sampling are
met with two difficulties inherent to the neighboring extremal
control scheme. One of these is that no gains are available
for times greater than the nominal terminal time. One may
“run out” of a nominal trajectory. Secondly, the gains
may become unbounded¥ at the nominal terminal time due
to hard terminal constraints on the state, thus violating the
approximations on which their derivation is based. Both
of these difficulties arise in the present intercept problem
and may be expected to adversely affect the terminal accuracy
of the control simulations.

%y
Zj pp—
| ———
T
i\\\ /’/
- ~
\\\\\ \\\ ///4//
1_-—-...—_—_-7_—_‘_:‘_____::'..:_\:- T~
/ 7w
_L/ “(%\\“P\‘,,//;/ h
R ’
0\’\\\\ //{
//’/
0 1T g 7T T J g Xl
/1 2
(4
yay
N /
y
s
2V

Fig. 2 Control simulations, single sampling time (&, = 0).

T Note that the matrix v [Eq. (B10)] is singular at ¢ = 4, as
are the linear and quadratic feedback gains [Eqs. (B11) and
(B16)].
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i
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INITIAL ERROR IN X, ;0 = 0)

Fig.3 Terminal accuracy for initial X; errors simulations.

To circumvent these difficulties, an upper bound of 60° was
imposed on |ui|. For times greater than two, the nominal
terminal time, control is also to be held on this bound. A
series of errors in the initial values of the coordinates z, and
z, was simulated. The trajectories were terminated at
the point of closest approach to the target (2, 1). The
associated distance is called miss distance. The miss dis-
tance for simulations with both the linear and quadratic
gains is given in Figs. 3 and 4 and is marked “Linear” and
“Quadratic,” respectively. On the basis of the criterion of
miss distance, the quadratic gains are superior to linear gains
only for positive initial errors in ;. These are the only errors
studied, incidentally, for which the terminal time is less
than the nominal terminal time. Otherwise, the quadratic
gains are inferior to linear gains for large errors.

The inconsistency of these results with the results based
on a single sampling time would indicate that the terminal
aspects of this control scheme are responsible. Near the ends
of the trajectories the linear gains become unbounded as
1/(2 — t), whereas the quadratic gains become unbounded
as 1/(2 — £)%.  The quadratic gains will therefore deteriorate
first and may well produce poorer terminal accuracies.

MISS DISTANCE
0,15

\
\ QUADRATIC I
| It
\‘ 0,10 I\
|
| a
|

LINEAR, 1.6-SEC LINEAR
CUTOFF
N\ 0. 05

QUADRATIC,
\ 1. 6-SEC CUTOFF

T
T T T T T T —/
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
INITIAL ERROR IN XZ (XIO =0

..........

Fig.4 Terminal accuracy for initial X; errors simulations.
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In view of this the simulations were repeated with the
following modifications. At the time of 1.6 the control, u;
was fixed at the value @ ** + 6u;(1.6) for the remainder of
the trajectory. Results of these simulations for both the
linear and quadratic gains are given in Figs. 3 and 4. With
this modification the quadratic gains prove superior to the
linear gains in all cases except large negative errors in z;,
which is the worst error situation for which both the linear
and quadratic approximations are very poor. In fact, the
quadratic gains substantially increase the range of initial
errors that can be satisfactorily controlled.

In addition to the criterion of miss distance, the simulations
should be compared on the basis of performance, which in
this problem is time. In the simulations studied, the termi-
nal time did not differ significantly between the various con-
trol schemes for small errors in the coordinates. For large
errors, the terminal times were somewhat erratic, although
in general quadratic gains gave smaller terminal times.

VI. Concluding Remarks

Experience with the simple control problem studied here
does not justify strong conclusions as to the merits of a
quadratic control approximation as opposed to a linear one.
It remains to test these approximations on more complex
problems. Some tentative comments based on experience
to date are, however, in order.

It appears, as would be expected, that the quadratic control
approximation in general more accurately represents neigh-
boring extremals than the linear one. We expect this to be
true of higher-order approximations as well. This is not
true for times close to the terminal time, however. We may,
in fact, expeet higher-order gains to deteriorate sooner (in
time) than lower-order gains. These undesirable terminal
aspects of the neighboring extremal control scheme can be
circumvented, as was done here, by abandoning new control
correction computations before terminal time is reached.
In the intercept problem treated here this, in fact, consider-
ably enhanced the terminal accuracy of the quadratic ap-
proximation. Perhaps a sampled-data version of the present
scheme, with no sampling near terminal time, would be a
better approach. '

From the point of view of actual control-system design, the
engineer must answer the question as to whether the consid-
erable added complexity of a high-order control scheme is
justified by the improved terminal accuracy and performance.
The answer to this question must be made for each control sys-
tem, independently, by simulating the various control ap-
proximations.

It'may be pointed out that there are two distinet unde-
sirable terminal aspects of the present control scheme. One
of these is the unavailability of gains for time greater than the
nominal terminal time. This problem may perhaps be
solved by making state comparisons (to form the error in
state) transversely, i.e., at equal times to go for minimum
time problems, as suggested by Kelley.?® The other prob-
lem is that of unbounded gains at nominal terminal time,
a disturbing feature to say the least. Perhaps we should
not insist on “hitting a point” on the terminal surface, but
settle for a small volume in the neighborhood of that point,
and specify “‘soft” rather than “hard” constraints at the
terminal point.

Appendix A

We derive here the differential equations and boundary
conditions for the linear and quadratic feedback gains by the
procedure outlined in Sec. IV-A. Expanding the right-hand
sides of Eqgs. (12) and (13) we obtain, retaining second-order
terms,

** 4, is & constant in this problem.
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bz: = % br; -+ gf' bus 4 I:ab%k&x,éxk%—Q SO - dajou + 3 fu aufauk] i=1,...,n  (AD
— b = 0%2% x4+ aagi] ou; + a?;i, du; + L [&%—& Sz idxy + 2 JaaixHa—M oz 0 +
bxiabs—:j[bwc ox;0u; + 2 a—ZZ-{J—— Su;duy, + > abjfbuk 6u,Buk:| 1=1,...,n (A2
Expanding Eq. (14),
Dzjg{x,- ox; + azjglm ou; -+ b?:—];u,- ou; + 1 [Du%ﬁfbxk ox;0xr + 2 Wg%lb—m ox;0m, + 2 buza;_;f,[bm ox;0ur +
2 bu?b%&k Spiduy, + Ow%fb;c 6u,-5uk:| =0 t=1,...,m (A3)

Substituting in Eqs. (A1-A3) for éu from Eq. (6), [6u = u(z, ) — w(Z, §)],

ba; = gi, f} <a]-k6xk + % mﬁsxk&v;) + ; <b:glxk ox; 01, + 2 o ]g dxjod2y + aagi " a,-zﬁxzakmaxm> (A4) Tt
—du: = % ox; + 52-—;%]_ Ou; + EZTTH% <a,-k5xk + —;— ;8kﬂ'590k6xl> + % <5;@%Z—,ID;L ox;0x, + 2 a%ra#k oxdur +
2 %ﬂfbuk drjamdr, + 2 %k Oujapdr: + %}t ailaxlakmaxm> (A5)
aii, ox; + szglu,- Ou; + b%jb[% <a,k6xk + = ,Bkﬂ&xkéxl> + % (szabi—fbm ox;0z; + 2 —a%%-k dx;0ur +
buabfb 0x;orbz: + 2 buiabslfbuk Oujadr: + bu%—sfb;k afzéxzakméxm> =0 (A6)

Now substituting Egs. (19, 20, 22, and 23) into Eqgs. (A4-A6),

. 1. of: 1 . of: 1
7ii02;° + o €xi0r;°0m° = / (’YnﬁxkO + 5 6k17§xk°5xz°> + ) I:Oéjk<wz5xz° + o Ekaﬁxi°52¢m°> +

2 ow; ou;
1 : o o 1 aZf o2 i o 2f;
5 Bkl77kmaxm FYlnaxn ] + < a V/I(Sl'l Yim 51 n + 2 ax]a‘fuk nymaxm akl’YZnaxno + bu,guk ail'ylnaxnoakm’Ympaxpo) ' (A7)
f 1 q [ o 02H o 1 ; o o DQH 1 : o o
—uibr° — 9 0;1i0x,°02,° = ordr; <7/k53€/.-, + £} €41701,° 0, > + Sy <l|l/1k5rk o> 676, 0, > +

0’H o 1 o o 1 ) o 1 OH
5:51‘,5;; [am('ﬂ-zﬁxz + 5 €15 01° 0% > + ”2‘ B! Y kmO% m ’Yln5x"0:| 4+ = (ax oz, ax Y162 YT +

o’H o o d3H DU
dr:drdw, mEsm 2 jm mo k1Y In no N N >~ Yim m® n no
Y V1021 Yrmbn® + vz bun® Y inde,® + 2 5 - 2o YimdTm® QY 10, +
O*H
O 0U, U ai171n5xn°akm'ym,p5;1;p°> (A8)
0% 1 o6 o*H OH 1 ]
Sudz, (’Y:k&bk + 5} x0T, 59010) + Sudm, <¢7k5m + = 010176:[;c 8z:° > + Sudu; l:ajk<’ch15xlo + 3 €102, 5xm°> +
1., o o, L[ o o . >3 H . .
2 Bra? Vim0 1 Y 1207 :|+ ) [Ouiaijxk V0L 1° YendTm® + zb_uibxja,uk ¥:102:° Ym0 +
o*H o3l O
Dudn dts Y imOTwm® Q1Y 1n02,° + 2 DU DU Vim0 Ax1Y1202,° SuOu s ail'Yln&UnOOékm’ymprp{l —0 (A9)
1O& § i j . ;

We now obtain the differential equations for the linear feedback gains by equating the coeflicients of 6z;° on both sides of Eqs.
(A7) and (AS8):

. of
o= A ICAINEPN
Yii ozs Y+ our 2987

A*H O:H o
bxibxk Vi + bxibp.k wki - aﬂ/wauk

— gy = oY (A10)

+1 The indices m and n in this equation and in the equations to follow are often repeated in a product and are to be summed on. The
range of summation for these and other indices is obvious from the dimensions of the state and control vectors, and will not be ex-
plicitly written. In addition to their use as dummy summation indices, m and n are used to denote the dimensions of the control
and state vectors, respectively.
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where the relationship among oz, v, and ¥ is obtained by equating the coefficients of §z:° in Eq. (A9) to zero:
OH O2H OH

dude; 7 T duop VT duow; 4= 0 (ALL)
Equations (A10) and (All) can be conveniently written in matrix notation by defining
[~ oy e (4378 Yu s Yin Yu s Yin
o = v = ¥ =
Laml e (6 299 Yn1 e Ynn ¢n1 Tt ¢nn
[~ OH oH N [ o*H O:H ]
0x101, Ox10Z», Oz, 0 010U
a2H . . ) . 2
- A N N
' C dxdu o dQudx
b2H OzH orH 0H
drdr OZnOT_| | 920U OTuOUnm |
r o . H ] o o otH 7]
0w 0y OUOUm Ox10 0110 fhn
[62H]_ . . . [:OZH B . . . _l:ﬁ:l’r
ou | ' . dwdu | ’ ' T Loz
o2H O*H OH O*H
| dundu Oumbumj L 02 0u1  OuOpn ]
o O
bulby.l aulbﬂ-n
i IR e k- |
duou | ' ) T Lou
o oH
L OumO iy / T QUmun |
We obtain
_ [ OH YTy o [22H
«= l: ou? ] <’: bu] YT _bubx]) (A12)
and

= (e ]- e T ) - [ L5e T 1] v
b= ([ T2 - (2 v+ ([ + [ZETETTET) v

Now we obtain the differential equations for the quédratic feedback gains by equating the collected coefficients of éx,;°6z,° on
both sides of Eqgs. (A7) and (A8), noting that éx,;°2,° = 8x:°62,°:

(A13)

0%

ox:10x

. 1. 1. of; of: 1 of;
€t = E €;i" + E €t = ( f + f aml) eﬂc + B f an ('Ym:’YnL + 'Ymk'Yn:) +

o1 | OUm - (Vii¥Yme + Yu¥mi) +

b Pl 32 T
axlgu (Y15 Yne + YueYni) + 5 2 aulg O nCmp(YaiYor + Yur¥pi) (Al4)
. O2H o0H O2H 1 0 1 O3H
—_f., = - 1 —_— . .
bix (bxibxl dzdun & l> T Som Q01 b + 5 2 dz:duy Bod (Ymins + Vi) + 5 2 02:0T0Tm O me & YY) +
o3H o3H 0%H
bxiaxla#m (’Ylilpmk + ’YZk\bmi) -+ Sz T, amn(’Ylj'Ynk + 'Ylk'Ynj) + axia"”la‘4 amn(\blj')’nk + ¢lk”)’nj) +
1 O3H

3 drdudu, QinOmp(YniYor + VurYei) (AlD)

The quadratic feedback gains 8, are related to the other variables by equations obtained by equating the collected coefficients
of 62;°62,° in Eq. (A9) to zero:

o:H otH oH 1 0H 1 0H
—_— _ L —_— 1 —_ - .
<au@bxl + buibum (24 l> + bu,bm 07k + 9 au au 6mn ('Ym:'Ynk + ’Ymk'Ym) + 2 au@ba Lafl?m (’Yl]'Ymk + ’Ylk'ij) +
o*H o*H - 0%H
- - . . —_— R R —— (s R
buia$1b[.l.m (’Vlllpmk + ’Yllcipmi) + QUDT DU Olmn('YZJ’Ynk + 'Ylk"/n:r) + auia“laum amn\ll/lj'}’nlc + ¢zk7n,) +
1 o’H

S Suduon, dmeme(YruYor + Yri¥ps) =0 (A16)
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As indicated earlier, we obtain boundary conditions at ¢ by evaluating Eq. (19) at &:

8zi(te) = iy, 1)82;° + Feui(to, to)62:°82,° (A17)
This implies that
Yiillo, ) = 0y (A18)
and
Ejki(to, to) = 0 (A].g)

where §;; is the Kronecker delta.
At the terminal point Eq. (15) must be satisfied. Expanding A in a Taylor’s series we must have to second order
oh 0%, b h

i 1 0%h;
1 ..I_ a_il dtl + 5 [a la 1 dx,ldzkl + 2 dx] d”k + 2 1at—1 d];] dtl +

oh;
dhit = ot dx,t

o) hi %, %,
duitdust + 2 O 1,0k duitdl + —5 di® :I =

bp.jlbp. of,2
i=1...,n+1 (A20)
where
1
dzt = 8x:(f) + (xl + dxi)p di + b} dt2 (ar:Z + bx0)z di?
dl‘il = Bni(tl) + D (:U'L + 5”1)t1 dtl + 2 dt2 (,Uvz + 6.“1)t1 dtl (A21)
and more explicitly
: of: of: l:afz afl bf, . :|
1 (7 ) ) ) 2
dx; oz () + [fz + oz, oz; + s 6uk] dt;, + — > f, ;s U; . dt, (A22)
_ OH OH O:H OH
1 - ) - . ) et ) _
duit = dui(h) [ 0w | owor, doz; + 3508, dus + Seu; 6u;l_1 dty

1] o o 0*H O0oH o .
_— L — e —_——— . 2
[btbxz - bijxi ! aﬂjaxi bl‘, + bu,«bx; u]]fl dil

Substituting Eqs. (A22) in Eq. (A20) we obtain

Oh; af; f: L (ofi af: bf, -
dhil:Sﬁﬁ—:’l—[ (: oz + ou > dtl+§<at fk " uk>t1dt12i|+

ohi [ . (OH | OH H o o oI »*H dH  oH .\ .,
duit [5“’ <a o T dwpm 0% T onom M T drom >ldt‘ - (Dtbxj+bxkaxjfk ouds; 5 ouds; ”"),{ﬁ‘ }“

Oh; 1 o2, b h OH
atl dty + — [a L (5:011 + fjldtl) (5@,} + flcldtl) —+ 2 (516,1 -+ flldtl) <5ﬂk - m dt1> +
% azhi OH oH % aH %
1 1 AL 1 _ 1 2 1 —
2 5, 1pg, 00 A+ 5 <au, oh dt;) (apk S dt1> +25 <a,¢ 50, ) d + 5y db :| 0
(A23)
Now eliminating éu via Eq. (6) and substituting Eqs. (19-21) in Eq. (A23),
oh; - 1 o 1
FYes {’ij(tx, fo)bxr® + 0} exf(ly, 10)02:°02:° + St <rk6xk° + 3 Kk18x15°8x10> +
7
o . o1 . L1 (o  of o .\ o
I:bvx% Yih, &) 6z° + 5;“{:1 ar(Z, L) Yim (b, o) 6k ] 702" + 3 (% + S%C‘fk + b—ijk uk)ﬂ 71021 T mOL } -+
oh . 1, . o 1 >
D,ui-l{ Uity £0)02:° + 5 Ora?(fy, 1o)024°82:1° — S <Tk6xk + Ki10,° 62:° ) - [bx oz, L Y, 1o)oa®
oM 2B .o 1 [0H | oH O'H OH | OH .
0z Qi i Yulh, 030 lebu;;‘ (@ B)Yin(ly o) :lrn(an - <btbx] Qx:T; Je = Qudx; x| QUL uk)z, x

1 0%y
3 510w, - yalh, 0)82:°vea(h, ©)824° + vl £0)82:°ft T b, +

i 1
Tzﬁxz°7'm5xm°} + %1- <Tj590i° +3 K:'za5xf°5xk°> + =

D h
fJ T 02Zm® 'Ykl(tl 50)511 + lefk Tm0Tm° 7'161:10] + T [’Y:l(th to)axl "pkm(tl, to)axm - 7Jl(t1: tO)Bxl

oH
5o TmdTn® +

_ oH % ] . %,
Firabon®Yall, 00° — fiiTabe,® S ’”J + ooy, Dl Win + fimielraden® + 5 o

- - - OH OH - OH OH
l:%l(tl, to)511°¢km(t1, to)éxm° -_ ll/jl(tl, to)&l)lo bxkl Tmﬁxm° —_ W Tm5$m°¢k1(t1, to)6x1° Sl?_ ST 1;6x;°rm6:cm°:| +
d%h, ] dH . 1 %,
a,u.jlat_l I:l,bjk(tl, to)éxf - 6? Tkéxk ] ‘rszl + —2' w TjijoTkaxko = 0

(A24)



934 : ; A. H. JAZWINSKI

Setting the collected coefficients of éx:° in Eq. (A24) equal to zero, we obtain
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Oh; Ohi. . OH Oh;
Py [y, to) + fiim] + out l:lﬁjk(tl, to) — 20, Tk} oL TS 0 (A25)
Setting the collected coefficients of 62:°62,° in Eq. (A24) equal to zero yields
Oki; f of i - - B,
a g e’ (), to) + fi'km -1- ['Ynk(tly t)71 + Yaully, )] + Syt , ) [yl to) 7 4 Y, f) 7] +
of ; b ; of; Ohy; . OH b *H i
( af f fm + i um> Tsz}> + le {Gkﬂ(tl; to) — &}T Kl — b [’Ymk(tl: o + Y, )] —
b 2H otH . , .
T, 1 Wl )71 + Yl )7l — Sz 0wl &nn(Z, B) [Yarl, )71 + Ymilly, Q) 7i] —
oH oH 0*H OH 0H . Oh,; 1 2%, , ;
(btaxj + o207, o — SundT; Ot Suom, um>h Tm} + = on, Ku + 2 3z, 0z, v, ) ym, o) +
Yirly, ) Yme, ©)] + ol Iy, )7 + vaulh, )76] + fitlreysw, @) + 7evm, t0)] + 2 atrrd +
0% bH
Sz om, {[%k(tl, ) ¥mi(h, 1) + viulli, ) ¥mal, 2] — [71k(t11 )7 + vl )] +
OH 0% . ,
frtlrryme(, t) 4 7xyma, )] — 27 oz 1 M + 55.10%, (v, t)me + vally, t)7e] + 2fitrirep +
i L
1 %y . . ; - bH - .
= s 3 Wall, ) ¥l ) + Yally, o) Yl )] — S Walh, 7 + $ulh, 7] —
2 duOunt t
OH DH OH 0%
lrlmills, 1) + Tebmilh, )] + 2 TIL T G Wir, )7 + P, t)me] —
ozt 1 Ozt ;108
OH o2,
2 W Tle} + bt 2 TET! = =0 (A26)
Appendix B
. . . The terminal boundary conditions, in the form of Eg.
Here we obtain the linear and quadratic feedback gains for - (A23), are
Zermelo’s problem outlined in Sec. V.  The differential equa-~
tions (24) associated with the linear feedback gains are dh! = ozt + Vdi, = 0
0 O . ’ dhgl = 5.7?21 + ngtl + V(?ulldtl = 0 (l%7)
v [0 V2]¢ v=0 (B Ot = Vot + zbpst -+ 3V (ou)? =
and the linear feedback gains [Eq. (27)] are Equations (26) yield
a= [0 Vigy™ (B2) Voyul, t) — z2yul, &) = 0
The differential equations [(28) and (29)] associated w1th Vigu(h, to) + z2yu(l, ) = 0 (B8)
the quadratic feedback gains reduce to 1
it i o 1Y miYnk + " _T/Ylk(tl’ !
ik = mj Y n.
dus Ouy ¢ Equations (32) yield
oY . - .
VJ; Q1Y ;Y ok 6 = 0 (B3) en(h, o) — Z—V?v el (h, to) —
and the quadratic feedback gains [Eq. (30)] are given by 01a(@, B) [YairEsy )0l to) + Yurlh, ) vin(hy, t)] = O
—aneint + Vajkz - ;8mn1’ij‘Ynk - : V0k11(51, to) + 220k12(51, to) -+ lezk(fb to)ll/2z(f1, fo) =0
n iYn nj) = 1 -
Veaun(bsvm + Yuva) = 0 (BY g = = g exi'(t, to) (BY

Equations (B3) may be written in the expanded form

Solving Eqgs. (B1) subject to boundary conditions (25) and

éjkl = “Valnalp’Ynj'ka (BS),WG obtain
&1t = Vauenr! + VBunVmiYnk (B5) 1 29* 22
éjki =0 0 B ﬁ‘i LVe -
Y = ¥ = (B10)
The quadratic feedback gains are eliminated from Eq. (B5) 2 h—t & _ b
via Eq (B4) flV t1 fIV3 f1V2
" éint = —VauaupYniYor The linear feedback gains [Eq. (B2)] are
€t = V202 — V2oun(Yi;Ynr + inYn;) - (B6) 2 1
0jk"“ =0 14 (tl - t) V(tl - t)
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and

;= v (B12)

Having obtained the linear feedback gains solution, Egs.
(B6) may be written more explicitly

2
€n' € - ﬁz‘ 2
0 1 Vv 14
€= TRV
€21 ézzl —V— -1
2 Ve
&= Vg 5_2%% (B13)
1 2
—_— 1
A ' Ot .
0t = | . . =0 6% =0
Ol On!

The solutions of Egs. (B13), subject to boundary eonditions
(31) and (B9), are

a2 &
Lt Ve 4
< Ty 2 .
= -
2o 222 222
)G )
R (2-1) -2
Ve v
(B14)
ENECE 1 %)
N (-7 -2+ 5 -5
RS 1 32 32,2
[~ 29 3292 3292
2o — 222 -1
o -5 T
AT _ 3
Ve i
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Equations (B4) reduce to

220t 2222 298 22,
1 g 1 T e P2 l= - — N
ul + 7y B F g B vt VG = o
1 ﬁ 1 2 _ !
Bl ¥ 75 B = rGg — ) T g — b (B15)
B
B Vith — 0

and the quadratic feedback gains are

222V2 bl 223 222 s V2

1 1
61 ~ 611 612 1 V2 V
h M3(51 — B2 2 — P2
ﬁ?ll 6221 % V —Z9
(B16)
The coefficients k;; [Eq. (B9)]are
P )
11 12 1 T ;
K = = 5*172 2 (B17)
Ko1  Kop - 7 1
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